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n + 1 : N
N\ao]]L-NsN[_/q




cons(a1, a2) : A
lzdeNvT¨]Llml








fgq\LPKMLTsf¬w fgq\defuiJlmL-NTsGof TqhfucJ/LV_ w/Lq#w¬fglzaoL-N-«ELwgL-q\ZMw fulmaJLydeNHLdzT\GJL-q
nil
_/qHT\GJL
]_gcoN_u#Tv¥_;w fulmaJLCNAc®TsGJdeNj]f/N[L/£&fgco}dzc fglzlr_gT\GJL-qj]f/N[LCN£?¥LdmKM|Jlzde]dzT\lmZ®fgNsN[aJKMLMTsGJLqsLdmN Ivco_
tvaocJ¤£ K¨dÅ L/T\GofuT_gcoL¨]fgcA|
L-q[ª_/q\K dmco}Eao]T\dmwgL¨qsL-f/N[_/cJdmcJy_ wgLqrT\GJLPN[Z=c7Tsfu`_g¢w¬fglzaoL-N-£/cofuT\aJqhfuleN-£gLTh]u




r0, r1, . . . : R
N[T\_gqsL
























Ts_Mdzco}Jdm]-f T\LyTsGJLaJ|¤}Jf TsL_g|kLqhf Ts_gq#¥L¥dmlzl¥qsdzT\L
r[v := a] = r′









f TVqhfucogL_ w/Lq^|Jqs_g/qsfgK lefuikLleN«kT\GoLjlefuikLleN^TsGJLKN\LlmwgL-N
Lifgq\LPLc=aJKML-qsfuT\L-}i=ZT\GoLcof TsaJqsfglc=aJKjikLqhN
ι0, ι1, . . . : I
dzcoN[T\qsao]T\dm_gcoN
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p0, p1, . . . : P
|oq\_/gqhfuKN
















































r[v := a] = r′
$ª|kLqsGofg|oN^|Jqs_gco_gaJco]L-}w fuq\N[LT
























(r[v 7→ a])(v) = a
w fgq[lz_=_/7ao|¢ v 6= v′ r(v′) = a′
(r[v 7→ a])(v′) = a′
w fgq[lz_=_/7ao|

(r[v 7→ a])[v := a′] = (r[v 7→ a′])
w fuq\N\LTC v 6= v′ r[v′ := a′] = r′)
(r[v 7→ a])[v′ := a′] = r′[v 7→ a]
w fgq[N[LTh
{ }[v := a] = { }[v 7→ a]
w fuq\N[LT 1
(Ln : ι; p)(Ln) = ι
|Jqs_g/qsfgK`Ålm_=_g=aJ|¢ n 6= n′ p(n′) = ι′
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  L;fuleN\_­}EL-q\dmwgLf iJdmuN[T\L| q\L-lmfuT\dm_gc












(r, (ι1; ι2); ι3)
p
7→ (r, ι1; (ι2; ι3))
NvTsL|EN\L-n
r(v) = cons(a0, a1) r[v









r(v) = cons(a0, a1) r[v









r(v0) = a0 r(v1) = a1 r[v
′ := cons(a0, a1)] = r
′































7→ (r′, ι′) (p, r′, ι′) ⇓























LC]dzªZ­dmc®T\GJdeNjN\L-]T\dm_gc deNjf ;0 /,0   £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  FHGofuTjdeN£
dmc N\_gKMLA|Jlefg]L-N¥#LA/dzw/LAfuc fui
NvTsqsf/]§TKf TsGJLKf Tsdm]-ful#]hGofuqhfg]T\Lqsdm¦-f Tsdz_/c­_g^N[_/K`L_g|kLqhf T\_/q $ªL/ 
z£
τ1uτ2
'§£ufgco}dzT¥dmlml7ikL#cJL-]L-NsN\fgq\ZVT\_P}ELqsdzw/Lfgcbfulmg_/q\dzT\GoK fgco}|Jqs_ wgLrT\GofuTdzT N&]_gcoN\deNvTsLc7T¥dzT\Gb_gaJq
]hG
fuqhfg]§TsLqsdz¦Cf Tsdz_/c¢  LP}E_`dzTTsGJdmN#¥Hf¬ZbikL-]-fuaoN\Ly}Ed ¤LqsLc7THRRN#Gof¬wgLV}Ed ¤LqsLc7TH¥#f¬ZEN5_u&N\|
LC]dzªZ=dzcJ
fglz/_gqsd©TsGJKN $ªLg om£Elm_ggde]P|Jqs_ggqhfuKNdzc;F&¥L-l©v£JªaJco]§Tsdz_/coful|oq\_/gqhfuKN#dzcO_En '













list τ : T
lmdeNvT^¥GJ_7N[LyL-lzL-K`L-c7TsNHGof¬w/LVTvZ=|kL
τ






Γ0, Γ1, . . . : E
Lc=w
{ } : E
L-KM|ETvZw fuq#TvZ=|JdmcJ

























































nil ⊂ list τ
N\aJiETvZ=|kLcJdzl
τ ⊂ τ ′
list τ ⊂ list τ ′
N\aJiETvZ=|kLlzdeN[T
τ ⊂ τ ′
listcons τ ⊂ list τ ′
N\aJiETvZ=|kLlzdeN[Ts]_/coN
τ ⊂ τ ′
listcons τ ⊂ listcons τ ′
N\aJiETvZ=|
LÅlmdeNvTsK`dzEL-}



























L-qsfuT\dm_gcofgl5N[L-Kfuc7T\de]N-£f|Jq\_/gqhfuK deNjf N[LCn/aoLco]L_u^lefuikLlmL-}®iof/N[de]MiJlm_=]hEN-c _gaJq
TvZ=|kLVN\ZENvTsLK£/f "  %	
0  deN5fN\L-n7aJL-co]L¨_u¢lefuikLlmL-}MLc=w=dmq\_/cJKMLc7TsN-£gqsL|JqsL-N\Lc7TsdzcJyTsGJL^TvZ=|kL-N
_g?TsGJLw fuqsdmfgiJlzLCN#_gcLc7T\qsZTs_`LCfg]hGiofgN\de]Violz_E]h¤
Π1, Π2, . . . : PT
|Jqs_g/qsfgK TvZ7|odzcJ
{ } : PT
LKM|ETvZ|Jqs_ggqhfuK TvZ=|JdmcJ
l : Γ, Π : PT
iJlm_E]hTvZ=|Jdzco
FHGJLiJlz_E]h7ÅTvZ7|odzcJ






























KMfg|oNbL-fg]hG w fgq\defuiJlmLTs_­f T`KM_/N[Tb_gcoLATvZ=|
L/ =¨_ ¥ T\GJdeNjdeNbgaofgqsfgc/TsLLC}}JL|kLco}JN`_/c T\GJL
























′ Π `instr Γ
′{ι2}Γ
′′
Π `instr Γ{ι1; ι2}Γ
′′
]hGoL-]h7ÅdmcoN[T\q\N\L-n
Γ(v) = list τ Π(l) = Γ1 Γ[v := nil] = Γ





nil v l}(v : listcons τ, Γ′)
]hGJLC]h/dmcoNvTsq[iJqhfuco]hGJÅlmdmN[T
Γ(v) = listcons τ Π(l) = Γ1 Γ[v := nil] = Γ














Γ(v) = listcons τ Γ[v′ := τ ] = Γ′
Π `instr Γ{fetch

field v 0 v′}Γ′
]hGJLC]h/dmcoNvTsq[ÅªLTh]hGE
Γ(v) = listcons τ Γ[v′ := list τ ] = Γ′
Π `instr Γ{fetch

field v 1 v′}Γ′
]hGJL-]h7dzcoN[T\q\ÅªLTs]hGJs
Γ(v0) = τ0 Γ(v1) = τ1
(list τ0) u τ1 = list τ Γ[v := listcons τ ] = Γ
′
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′ Π; Γ′ `block ι2
Π; Γ `block ι1; ι2
]hGJL-]h7iJlm_=]h7N[LCn
Π(l) = Γ1 Γ ⊂ Γ1
Π; Γ `block jump l
]hGJLC]h/iJlm_E]h/mtvaJKM|












Π(l) = Γ Π; Γ `block ι Π `blocks p




























(l : Γ, Π0) ./ (l : ι; end)
TvZ=|JdmcJu}E_gK`Kf Ts]hG?
(Ln+1 : Γ
′, Π) ./ (Ln+1 : ι
′; p)
(Ln : Γ, Ln+1 : Γ












Π `blocks p Π ./ p Π(L0) = Γ0

















LC]defulmlzZ ¥GJLqsL`f}EL-q\dmw f Tsdz_/c qsaJlzL
qsLªL-qsNTs_MfgcdmcEª_gqsKfulmlzZ}EL ocoL-}q\L-lmfuT\dm_gc¢«Efuc=ZAN\_glmaET\dm_gcT\_`TsGJLyi
L-co]hGJKfuqsKjaoN[Tª_gqsKfulmdz¦-L¨TsGJdeN
 L¥dmlzlVaoN\L;T\GJL cJ_uThf T\dm_gc
































lefgN[TydzcoN[T\qsao]T\dm_gc _g5iJlm_E]h bdeNyfg]§TsaofulmlmZ}EL-f/} ]_E}EL $ªcoLwgL-qyq\LCfg]hGJLC} '§ L#lm_=]h deN¨TsGJLMlz_=_/| LEdzT-£
fgco}GofulzTsN-
psample =





nil v1 L2; fetch





nil v0 L1; jump L2;
L2 : halt;
end
 L]lefudmK TsGJLyª_glmlz_ ¥dmcJbTvZ=|Jdzcobª_/qHT\GJdeN|Jqs_g/qsfgK
Πsample = L0 : (v0 : nil, { }), L1 : (v0 : nil, v1 : list nil, { }), L2 : { }, { }
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  µ  ¶  ± - µ    ² 5±  ² - ±  
1 {L|oq\LCN[L-c/TTsGJLTvZ=|kLjN\Z=N[T\L-K dmcT\GJL`RR $ÅQVcJLcoLL-}oNHT\_}JL ocJLjLcJ_/aJgGcJ_gTsf Tsdz_/cN[_MTsGof T
T\GJLyª_/q\KbaJlef
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" 0
E*¨N\dzcoVTsGJLHTvZ=|
L^N\ZENvTsLK£g}EL-q\dmwgLT\GoLHfg]§T3TsGof T
|=prog psample : Πsample
 F0  F 
  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τ1 u τ2 = τ3
τ1 ⊂ τ3
lmaJiEN[aoiETvZ=|
LÅlmLÇT τ1 u τ2 = τ3
τ2 ⊂ τ3
lzaoiEN\aJiETvZ=|kLq\dmgG7T
τ1 u τ2 = τ3 τ1 ⊂ τ4 τ2 ⊂ τ4
τ3 ⊂ τ4
lzaJiJÅlmL-f/NvT
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  {L|oq\LCN[L-c/TyTsGJLANvThf TsLKMLc7T_ufN[_/aJco}EcoL-NsNPT\GJL-_gqsLKª_/qyT\GJLMTvZ=|kLAN[ZEN[T\LKAFHGJLdmcEª_/q\Kful
NvThf TsLKMLc7T_g?N[_/aJco}EcoL-NsNrdeN£ I\f¥L-lzlzÅTvZ7|kL-}A|Jq\_/gqhfuK ¥dzlml
co_uT/LTHNvTsao]h¤ K < |Jq\_/gqhfuK NvThf T\L
dmN^cJ_uT^N[T\ao]hd©d©T +$" !/   V
N[T\L-|EÅ_/q[Gofgl©T
(p, r, ι) ≡ (∃r′, ι′. (r, ι)
p
7→ (r′, ι′)) ∨ ι = halt.
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CJH{L|oq\LCN[L-c/T¨fgc;fgN\Z7KM|ETs_uTsdm]-fulmlzZAL?A]dmLc7TTvZ=|
L]hGJLC]h=dzcJfglz/_gqsd©TsGJK
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 1  , L-KM_gcoN[T\qhf TsLbTsGJLMTvZ=|
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-o#prqs_ wgLTsGof T
`prog p : Π
dmK`|olzdmL-N
|=prog p : Π
  &! 	 ./
0 &#	 /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`env v : τ, { }
Lc=w7Å_/¤
n < n′ `env vn′ : τ
′, Γ
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(v : τ, Γ)
.
= (v : τ, Γ)
L-c=w/lm_7_/=aJ|¢
v 6= v′ Γ
.
= (v′ : τ ′, Γ′)
(v : τ, Γ)
.












































= (v : listcons τ, Γ′′) Γ[v′ := τ ] = Γ′
Π `instr Γ{fetch






= (v : listcons τ, Γ′′) Γ[v′ := list τ ] = Γ′
Π `instr Γ{fetch

field v 1 v′}Γ′
]hGJL-]h7dzcoN[T\q\ÅªLTs]hGJs
′
Γ(v0) = τ0Γ0 Γ
.
= (v1 : τ1, Γ1)
(list τ0) u τ1 = list τ Γ[v := listcons τ ] = Γ
′






Γ[v := τ ] = Γ′
£#|Jqs_gcJ_/aJco]L-} I  [	 #
(Γ, v, τ, Γ′)
£ K Gof/NMN[Z=c7Tsfu7
}JdzqsL-]T\L-}qsaJlzLCNfgN#ª_/lzlm_ ¥^N£
 ÊÇÄ5º ¿5Ö¼¾§º ¿Åº¼×^Ès¿Á¾H¿ÅÀP×^È .§¾×º¼»¬À§¹rÈhÖ ¿Å¾v¹ÁÈs¿Åº¼À§»CÄHº¼»b¿¬¾^ÄÅÑu¾v½vº  ½[Ès¿Åº¼À§»MÀ !¢¿¬¾ u¾[»C½+¬×^Èh¹'. ÍÖ ¿Á¾v¹ÅÈs¿Áº¼À§»¬Ä#º¼»j¿C¾ÄÅÑu¾v½[º ¬½\Ès¿Áº¼À§»jÀ !k¿¬¾#ÉCÆ-» Èh×º¼½5ÄÅ¾v×^Èh»¿Åº¼½vÄ3Èh¹¾ Èh¹×%!zÏ¬ÖeÐ¬ÏC¿rÈhÖ ¿Á¾v¹ÅÈs¿Áº¼À§»¬Ärº¼»y¿C¾#ÄÅÑu¾v½vº  ½[Ès¿Åº¼À§»jÀ !k¿¬¾5¿ÇÆCÑu¾#ÄÆCÄ¿Å¾v×Èh¹Á¾¢»¬Àh¿ /JÊÇ»¿¬¾¢½vÀ§»¿Á¾	-¿kÀ !g¿¬º¼Ä u¾[»C½+¬×^Èh¹'.gÐ "¾?Èh¹¾¢Ñ¬¹ÁÀ[ÃCº¼»
¿¬¾½vÀ§¹¹Á¾vÄÁÑgÀ§»CÉ¬¾v»¬½v¾À !u¿¬¾¿ÇÆ-Ñu¾?ÄÆCÄ¿Å¾v× ¿ÅÀrÈh»º¼×Ñ¬Ö¼¾ ,×¾[»¿ÅÈs¿Åº¼À§»À !7È¿ÇÆCÑu¾ ,Ç½+¬¾v½+.§¾v¹vÐ ¬Ï-¿ "¾&Èh¹Á¾ÈhÄÅÄÁÏ¬×º¼»¬Ð§»¬Àh¿kÑ¬¹À\Ã-º¼»5¿¬¾?½vÀ§¹Á¹¾vÄÅÑuÀ§»¬É¬¾v»¬½v¾rÀ !/¿¬¾?ÉCÆ-» Èh×º¼½¢ÄÅ¾v×^Èh»¿Áº¼½vÄ¿ÅÀVÄÅÀ§×¾5¹Á¾[ÈhÖk×^Èh½¬º¼»¬¾ /HÊ !¤¿¬¾ÈhÖ ¿Á¾v¹Á¾vÉj¿ÇÆCÑu¾ÄÁÆ-ÄÁ¿Á¾v× Zº¼Ä3ÄÅÀ§ÏC»¬É`Èh»CÉ½vÀ§¹Á¹¾vÄÅÑuÀ§»¬É¬Ä5¿ÅÀPÈh»bº¼×Ñ¬Ö¼¾v×¾v»¿Ès¿Áº¼À§»7Ð¿¬¾v»¿¬¾º¼×Ñ¬Ö¼¾v×¾v»¿Ès¿Áº¼À§»º¼ÄkÄÁÀ§Ï¬»¬É7Ð-»¬À5×^Ès¿Á¿Á¾v¹ "  Ès¿¢ÈhÖ ¿Á¾[¹ÁÈs¿Áº¼À§»¬Ä  È[Ã¾ g¾v¾v»¨×^ÈhÉ¬¾ /oË&Àr½vÀ§¹Á¹¾vÄÅÑuÀ§»¬É¬º¼»HÈh¹§Ï¬×¾v»¿




(v : τ, Γ)[v := τ ′] = (v′ : τ, Γ)
L-c7w7N[LT-
v 6= v′ Γ[v′ := τ ′] = Γ′
(v : τ, Γ)[v′ := τ ′] = (Γ′, v : τ)
L-c7w7N[LTh
{ }[v := τ ] = (v : τ, { })
L-c7w7N[LT 1
 LgdmwgLfMN[Z=c7Tsfu=}EdmqsL-]§TsL-}w7dmL¥ _uLc=w=dzqs_gcoK`L-c7THN\aJiETvZ=|JdmcJAfgN#ª_/lzlm_ ¥^N-
Γ = (v : τ ′, Γ′′) τ ′ ⊂ τ Γ′′ ⊂ Γ′








τ u τ = τ
lmaJiE
list τ u nil = list τ
lzaoiEs
nil u list τ = list τ
lmaJiE
list τ1 u list τ2 = τ3
list τ1 u listcons τ2 = τ3
lmaJiEv list τ1 u list τ2 = τ3
listcons τ1 u list τ2 = τ3
lzaJiJui
τ1 u τ2 = τ3
list τ1 u list τ2 = list τ3
lzaJiJ 1
listcons τ u nil = list τ
lzaJiJ
nil u listcons τ = list τ
lzaoiE
τ1 u τ2 = τ3






(l : Γ, Π)(l) = Γ
iJlm_E]h7ÁTvZ=|JdmcJulm_7_/=aJ|¢ l 6= l′ Π(l′) = Γ′
(l : Γ, Π)(l′) = Γ′
iJlm_E]h7ÁTvZ=|JdmcJulm_7_/=aJ|

   "!#$&%')(+*-,.=4 ( '  ;&472&'  #; * ;&4










L¥q\dzT[TsLc dmc f;|Jaoq\L-lzZ­ªaJco]T\dm_gcofglN[TvZ7lmLV tvaoN[TbqsL|Jlefg]LT\GodmNjLJ]L-|ET\dm_gc i=Z
LE|Jlzde]dzT`ªaJco]T\dm_gcqsL-N\aJl©ThN























deNaJco}EL ocJLC}£ o«=_uTsGJLqs¥deN[L/£   "# $ %& Γ Π(l) 
     " $    Π Γ ι
V

ι = ι1; ι2
V3qsLTsaJq\c     " $    Π (      " $    Π Γ ι1) ι2 















Γ(v) = list τ
V
   &  "   Π Γ[v := nil] l
fgco}qsLTsaJqsc
Γ[v := listcons τ ]























































Γ[v′ := τ ′]
«E_uT\GoLqs¥dmN\Lg£J






ι = ι1; ι2
V
   & !  Π (    
 " $    Π Γ ι1) ι2


ι = jump l
V















$_gq  bdz3aJco}EL ocJLC} '§
   & !  Π Γ ι
   & !  $ Π p′

      Π p
V




























L-c=w7dmqs_gcJKMLc7ThN¨fgNVKfu|J|odzcJ7N $|ofuq\T\deful&ªaJco]T\dm_gcoN '§ < |o|Jq\_/|JqsdmfuT\LlmLKMKfgNVKjaoN[TyLdzT\GJL-qVikLb|oq\_ w/L-}
_/qHdzKM|k_gq\T\L-}ªqs_gK lmdmiJqsfgq\dmL-N-












S "+  ±/³ &J ³  ²  FHGJLTvZ7|kL]hGJLC]hgLqMf T\T\qsdzioaET\LCNjTvZ=|kL-N`Ts_w fgq\defuiJlmL-N-£riJaJTN\aJqs|JqsdmN\dzcoglmZ d©TcJL-wgLq
coLL-}oNTs_ fuT[T\qsdmiJaET\LTvZ=|kL-NT\_ w¬fglzaoL-N- FHGJLN\_gaoco}EcJLCN\N|Jqs_7_gT\GoLqsLª_gqsL coLL-}oNTs_ }EL ocJLT\GodmN
]_gco]L|ETC£=TvZ=|Jdm]-fulmlzZi7Z]fgN\L-N*V
nil : nil nil : list τ
cons(a0, a1) : listcons τ
a : listcons τ
a : list τ
S E ³  ±  ³  ² 5± 




S E  µ    µ o ± -&+ ±   J 
Π ./ p Π(l) = Γ
∃ι′. p(l) = ι′
|Jqs_g/q\LCN\N[ÁTvZ=|JdmcJg}E_/K`ÅKf Th]hG
|=prog p : Π Π(l) = Γ
∃ι′. p(l) = ι′
|Jqs_g/q\LCN\N[]hGJL-]h7|Jq\_/gqhfuK
Γ(v) = τ r : Γ
∃a. r(v) = a ∧ a : τ
|Jqs_g/q\LCN\N[ÅL-c=w
|=prog p : Π Π `instr Γ{ι}Γ





	 * U#" 0
 ±   JrJ µ &)+ ± J- ³  µ   µ  ³ ( 5± C ² 5± 
τ1 u τ2 = τ3
τ2 u τ1 = τ3
lzaJiJ]_gKMK
τ1 u τ2 = τ3
τ1 ⊂ τ3
lmaJiEN\aJiETvZ=|




 &(   
 µ  
τ1 ⊂ τ2 a : τ1
a : τ2
N[aJi




 µ  µ  CE Á¨ µ ¶ ² " ÁV ±  ¤ Ág µ   ± - µ  ± 
Γ(v) = τ r : Γ r(v) = a
a : τ
|JqsL-N\Lqsw f Tsdz_/cEÅL-c=w/lm_7_/=aJ|
 µ¢µ       ´j± + + ³  ² 5± ¶+ µ  
Π `blocks p p(l) = ι Π(l) = Γ
Π; Γ `block ι `env Γ
|JqsL-N\Lqsw f Tsdz_/cEÅiolz_E]h7ÁTvZ=|JdmcJ
|=prog p : Π p(l) = ι Π(l) = Γ
Π; Γ `block ι `env Γ
|JqsL-N\Lqsw¬fuT\dm_gcE|Jqs_g/qsfgKbÅTvZ=|JdmcJ
  ±  ± JE
 µ  




′ ∧ r′ : Γ′ ∧ Π; Γ′ `block ι
′
|oq\LCN[L-q\w f Tsdz_/c
|=prog p : Π initial(p, r0, ι0) (r0, ι0)
p
7→∗ (r, i)
∃Γ. `env Γ ∧ r : Γ ∧ Π; Γ `block ι
q\aJcJÅ¥#Llml©ÅTvZ=|
LC}
  &E ´   ´ JH µ   ±  ±=±   µ=´  
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L-q[ª_/q\K f ]_gc7Tsq\_/lzlmL-} LE|
L-q\dmKMLc7T- FHGJL  oqsN[T;fuaETsGJ_gq $ < |o|
L-l 'Gof/N ZgLCfuqhN
LE|
L-q\dmLco]L¨¥dzT\GcJ_gc7Thfg]§Tsdm]-fulk|Jqs_7_gN#dzcGJdz/GJLq\_gqh}ELqlz_/gde]^qsL|JqsL-N\Lc7T\LC}dmcAT\GoLyF&¥#Llz&N[ZEN[T\L-K 8z : «






  ´j± +   ± CE  ±=µ  ²  c®¥q\dzT\dmcJF?¥#LlzKMLThf TsGJL_/q\Z/£¢_gcJLb oqhNvTKbaoNvTlmL-fgq\c­lz_/gde]j|Jqs_g/qsfgK`
KMdmcJo«fgc7Z LE|kLqsdzL-co]L­aoN\dzcJ prq\_/lz_/ ¥#_gaJle} i




Kfgc/Tsdm]-N£=qsL|JqsL-N\Lc7T#T\GJLPTvZ=|kLyN\ZENvTsLK '#fuco}ATsf/N[ENjfgco} $ IvL=LC]aETsLK¨TsGJL_g|kLqhf Tsdz_/coful¤N\LKfuc7T\de]N
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Obµ  < |o|
L-lN[Tsfgq[TsL-}ªqs_gK ¦Lqs__gc­O_Enk«¤¡¢Lqs_ Z|oq\_ w=de}EL-}T\GoL`O_EnN\_glmaET\dm_gcTs_T\GodmNVi
L-co]hGE
Kfgq\¤ {¨f T\GoLqT\Gofgc q\L-|
LCf TsdzcJ ¡¢L-q\_ Z  N¥_/q\ $Çª_/q¥Godm]hG TsGJL®N[_/lzaETsdz_/c ¥#f/NATs_=_ T\L-KM|ET\dmcJglmZ
f¬w fgdzlefuiJlmL('£ < |o|
L-l}EL ocJLC} $ªdmcO_En 'HT\GJLjN[T\qsao]T\aJqsL-}_g|kLqhf Tsdz_/coful&N[L-KMfgc7T\de]N_g3fAwg_gc  LaJKfucoc






f T-£=f ÇTsLq 1 ¥L-LEN£gT\GJL
|oq\_=_u¥HfgN\c  TH ocodmN\GJL-}ioaET^T\GoLdmNsN\aJL-N^]hG
fucJ/L-}ªq\_/K T\Go_/N\L_u3lzLCfuqscJdmcJO_=nAT\_MTsGJ_/N\L_u oco}JdzcJ





¥dzT\GTsGJLLE|kLq\TsNH¥#LqsLPcoL-]LCN\NsfuqsZM_ wgL-qTsGJL 1 ¥#LL|kLqsdm_=}¢
L#_uTsG¯F&¥L-l©fuc
}¯O_=n Gof¬w/L;KM_gqsL N[_/|JGJdeNvTsdm]-f TsL-} ªL-fuT\aJqsL-N¥GJdm]hG < |J|kLly}Ede} cJ_uTf T[TsLKM|ET
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  µ   QVco]L^Zg_/a`lmL-fgq\cM_/cJL¨N\Z=N[T\L-K£/Z/_ga]fgcK`_ w/LH_gcMT\_T\GJLVcJL=T $LwgL-cd©dzT Nn7aJdzT\L
}Jd ¤LqsLc7T '#¥dzT\G;fgcdmc=wgL-N[T\KML-c/T_g_/cJLyK`_/c7T\G  N#T\dmKMLg
Ì&Ì »W&XY[Z]\
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|=prog p : Π















   U7Thf T\LN\_gaoco}EcJLCN\N#TsGJL_/q\L-K u ¬
o prqs_ wgLyN[_/aJco}EcoL-NsNH_u
|=prog p : Pi
ggg 1 ¬
-o E ?A]dmLc7T¨fglz/_gqsd©TsGJK g  1 
g/ , Lqsdzw/L
`prog psample : Πsample
 
CJ prqs_ wgLVT\L-q\KMdmcof Tsdz_/c_g
`prog p : Π
   
 1  UE]-fulefuiJlmLPTvZ7|kL]hGJLC]hgLq Z/L-N ZgLCN

 prqs_ wgLyN[_/aJco}EcoL-NsNH_u
`prog p : Pi
1 M 

CJ xPLcoLqhf T\L¡ D F E G cJ_ co_
F&_uThful¨|
fuqhN[dmcJ fuc














L-qsfuT\dm_gcoN_ wgL-q5Kfu|o|Jdzco/N $ªL/ 
z£Elm_=_g=aJ|fgco}Aao|k}JfuT\LydmcN[T\_/q\LCN!'rLdzT\GJL-qHf/N#q\L-lmfuT\dm_gcoN $}EL ocJLC}i=Z
dmco}Ea
]§T\dmwgLy|JqsL-}Jdm]-f T\LCN!'_/q^fgN#ªaJco]T\dm_gcoN $}EL ocJL-}i=ZAqsL-]aJqsN\dm_gcfgco}|of T\T\L-q\cEKf Th]hGJdzco '§






TsGof T $f ÇTsLqHN[_/KML^LE|kLqsdzKMLc7Thf T\dm_gc#'¥L¨]_gaJle}aoN\LTsGJL¨|Jqs_=_uN[LCfuqh]hG`fg]dmlmd©TsdzLCN5_g?O_En$ÇTsGJL 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r(v) = a r(v) = a′
a = a′
w fuq\Ålm_=_g=aJ|EaJcJden r[v := a] = r′
r′(v) = a
w fuq\N\LT\Ålm_=_g=aJ|
Γ env Γ(v) = τΓ′
Γ′ env v 6∈ dom Γ′
L-c7w7lz_=_/7ao|EÅco_uiJdzc
}Edzco
Γ env Γ(v) = τΓ′ v′ 6∈ dom Γ
v′ 6∈ dom Γ′
L-c7w7lz_=_/7ao|EÅco_uiJdzc
}Edzco7
Γ env Γ[v := τ ] = Γ′
Γ′ env
Lc=w7N[LT[g_=_E}
   ª µ   ± ¤CjE ±      
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Γ1 ⊂ Γ2 ∧ Γ2 ⊂ Γ1 ⇒
Γ1 = Γ2

Γ(v) = τ1Γ1 Γ(v) = τ2Γ2
τ1 = τ2 Γ1 = Γ2
Lc=w7Ålm_=_g=aJ|EaJcJden
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]LTs_AlzLCfuqsc;GJ_ ¥ T\_}E_AdzT- < NVfgc;LJfuKM|JlmLg£
]_gcoN\de}ELq#T\GoLyª_glmlz_ ¥dmcJ`T\GJqsLL}EL ocJdzT\dm_gcoN^_u&L-c=w7dmqs_gcJKMLc7T\N\aJiETvZ=|JdmcJ&V
Γ1 ⊂env Γ2 ≡ ∀v. v ∈ dom Γ2 ⇒ (v ∈ dom Γ1 ∧ Γ1(v) ⊂ Γ2(v)).
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dmN¨]_gaoc/ThfuiJlmLy_gqHcJ_gTvX ¥Ly=cJ_ ¥¯Go_ ¥ T\_MqsL-f/N[_/cfuik_gaJT¨n/a
fuc7T\dz 
]fuT\dm_gc¢
Γ ⊂env { }
a1
Γ1(v) = τ
′ τ ′ ⊂ τ Γ1 ⊂env Γ2



























= (v : τ ′, Γ′) τ ′ ⊂ τ Γ′ ⊂env Γ2
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